Asymmetric tri-bi-maximal mixing is a recently proposed, grand unified theory (GUT) based, flavor mixing scheme. In it, the charged lepton mixing is fixed by the GUT connection to down-type quarks and a T 13 flavor symmetry, while neutrino mixing is assumed to be tri-bi-maximal (TBM) with one additional free phase. Here we show that this additional free phase can be fixed by the residual flavor and CP symmetries of the effective neutrino mass matrix. We discuss how those residual symmetries can be unified with T 13 and identify the smallest possible unified flavor symmetries, namely (Z 13 × Z 13 ) D 12 and (Z 13 × Z 13 ) S 4 . Sharp predictions are obtained for lepton mixing angles, CP violating phases and neutrinoless double beta decay.
neutrino sector is observationally excluded. In fact, even for less symmetric patterns it was found that symmetric textures for the charged-lepton Yukawa matrix do not work [9] . It was therefore suggested to adopt a certain asymmetric texture for the charged lepton sector [10] . In a concrete realization, the charged left-handed lepton mixing matrix then was found to be of the form [10, 11] 
where λ = 0.22453(44) and A = 0.836 (15) are the usual quark sector Wolfenstein parameters [12] . Together with a "complex-TBM" (cTBM) neutrino mixing matrix, defined as
the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) lepton mixing matrix would be given by
We will parametrize it in terms of the standard mixing angles and CP violating phases [12] . The only free parameter here is δ, and analytical expressions for all angles and phases can be obtained (we list them in Appendix A). Experimentally the most well-measured is
Varying θ 13 and the Wolfenstein parameters in their experimentally allowed 3(1)σ range [13] [14] [15] constrains δ to lie in the interval δ/π ∈ {1.50(1.53), 1.66(1.60)}, see Fig. 1 . The degeneracy between the sign of δ and the mixing angles is broken by the recent best-fit value of δ CP [15, 16] .
A complete model based on SO(10) unification with a flavor symmetry 1 T 13 ∼ = Z 13 Z 3
was put forward in [11] which successfully realizes the asymmetric texture (1) . There, cTBM mixing was taken as an assumption, while it was suggested that it may arise from residual symmetries. -If this scheme of mixing indeed originated from a residual symmetry, one would expect δ to take a value that is "quantized" in rational fractions of π. The allowed values of such a quantization intimately depend on the respective residual symmetry group. Exactly because of that, as we will clarify below, some rational values of δ/π are more special than others. We list some of them together with their phenomenological predictions in Tab. I. In the present note, we derive all possible residual symmetries that realize the cTBM matrix, and clarify how they can be merged into a unified flavor symmetry together with the T 13 -symmetry of the charged fermion sector. We finish by discussing the phenomenological predictions of the most symmetric scenarios.
II. SYMMETRY ORIGIN OF ASYMMETRIC TBM MIXING

A. Residual symmetries of complex TBM mixing
We start by discussing general residual symmetries of the effective lepton mass terms in the gauge basis
where denote charged leptons and ν the neutrinos. The effective neutrino Majorana mass matrix M ν is symmetric and C is the charge conjugation matrix. The unitary matrices U ν,c diagonalize the mass matrices
The diagonal mass matrices D i are all-real. The lepton mixing matrix is defined by
A neutrino mixing matrix for U ν of the form (2) can be enforced by residual symmetries. 2 These could be global flavor symmetry transformations [21] [22] [23] [24] ν (x,t) → G ν (x,t) ,
with some 3 × 3 unitary matrices G, as well as general CP (GCP) transformations [25] 3
with some 3 × 3 unitary matrices X. Invariance under these transformations requires
respectively. We first focus on pure flavor symmetries and discuss details of possible additional residual GCP symmetries later. Assume that M ν in the gauge basis is invariant under a symmetry transformation with matrix G. It follows that in the mass-diagonal basis (6) , D ν must be invariant under the basis transformed symmetry
2 These "residual symmetries" are not actual symmetries of the full electroweak Lagrangian since they are, in particular, broken by the charged lepton mass terms. Corrections due to this breaking are small scale-dependent effects that we will neglect for the purpose of our discussion. 3 We have adjusted the unphysical global phase of the CP transformation to i, such that M ν is required to be real in a basis where CP is conserved with a matrix X = 1.
The invariance condition (11) in this basis translates to
Assuming non-degenerate and non-zero neutrino masses, the unitary E has to be diagonal and real which means it can only be one of the eight possibilities (uncorrelated signs)
Under the assumption of a specific form of the mixing matrix U ν , we can translate this back to the gauge basis as G = U ν EU † ν . Assuming U ν = U TBMδ we find the eight possible residual symmetry transformations in the gauge basis:
As already obvious from (14) , and therefore completely independent of the phase δ, these matrices make up for all 8 elements of a group isomorphic to Z 2 × Z 2 × Z 2 . One of the Z 2 factors corresponds to the transformation with a global sign, G = −1, and is automatically a symmetry of the neutrino Majorana mass term in any basis, which is of course well known. Hence, this transformation does not impose any restrictions on M ν . However, we still keep that factor explicit here as it could become meaningful once we unify the residual symmetries of all left-handed leptons into a single group. Furthermore, we note that the remaining Z 2 × Z 2 only requires two generators, saying that many of the elements in (15) imply each other. For example, G + 1 G + 2 = G + 3 etc. Consider now the action of possible residual GCP symmetries. In close analogy to above we define
upon which the invariance condition for a GCP transformation in the mass-diagonal basis reads
Under the same assumptions as above this shows that also P can only be one of the eight possibilities listed in (14) . Translating this back to the gauge basis via X = U ν P U T ν , while assuming the U TBMδ form for U ν , one finds the eight possible GCP symmetry transforma-tions:
Together, these generate a group Z ⊗4 2 irrespective of the choice of δ. We stress that any combination of two GCP transformations, say with X i and X j , induces a flavor symmetry transformation for the neutrinos with G = −X i X * j . 4 In this way, it is easy to confirm that the union of all GCP transformations, in fact, already contains (i.e. generates) all the eight previously stated flavor symmetries (15) . The surplus Z 2 factor corresponds to a genuine CP transformation.
B. Unification of complex TBM and T 13
Above the electroweak scale we have L = ( L , ν L ), implying that the residual symmetries of left-handed charged leptons and left-handed neutrinos shall originate from a single group globally acting on L. Therefore, we will now investigate how the symmetries that give rise to cTBM can be unified with the symmetry group T 13 , which gives rise to the asymmetric textures of the charged fermion Yukawa couplings resulting in a mixing matrix (1) .
In the basis of [11] , which is a gauge basis, the T 13 -symmetric transformation of the charged leptons is generated by the matrices
where ρ 13 = 1. In the very same basis, possible residual symmetries of the neutrinos are generated by (15) and (18) . A common unified flavor symmetry then should contain at least the closure 5 of some of these elements. Possible outcomes for the unified symmetry will depend on the number of elements that we "add" to T 13 , and on the value of δ. Before we start this analysis, let us make the following important observation: We can do simultaneous basis transformations of all, charged and neutral, left-handed leptons. These rotations are unphysical, in the sense that they cancel in the physical lepton mixing matrix. Let us perform a simple simultaneous rephasing,
This removes δ from the cTBM matrix, as well as from all of its residual symmetries (the outcome is the same as setting δ → 0 in (2), (15) , and (18)). This restores the usual TBM mixing, alongside its known residual symmetries! However, δ now appears in U c , andB. The rephasing does not affect A. Of course, the outcome for the unified group is independent of the chosen basis. In the re-phased basis, the only generator that contains δ is
while A, and all the G's and X's take their values from above for δ → 0. The closure of A, B is still T 13 , irrespective of δ. The overall unifying symmetry, however depends on the precise value of δ and which elements of G i and X i we pick in addition to A and B.
Let us briefly mention how family and GCP transformations are combined in practice. We follow the procedure firstly outlined in [26] and collect spinors and their CP conjugates in a single reducible representation, for example ν L (x, t) ⊕ −i C ν * L (−x, t). We will suppress the space-time arguments in the following. Family and GCP transformations then act in a single matrix space,
respectively. Family and GCP transformations then can be combined simply by matrix multiplication in this enlarged space.
As a first result, note that sets A, G involving A and elements G ± 1,2 or X ± 1,2 never close. These, therefore, cannot be unified into a finite group irrespective of δ. They could, however be unified into continuous groups such as SU(3) or G 2 ; this possibility is left for future work.
On the other hand, elements of G ± 3,4 and X ± 3,4 form finite groups with A and B. We have listed these groups (or their orders, if too large) for certain phenomenologically allowed values of δ in table II. Coincidentally, groups involving X ± 3 often give rise to groups isomorphic to (or at least of the same size than) the extensions by G ± 3 . However, it is important to note that those are not the same groups. In particular, they will act differently on the fermions and their mass matrices: For extensions with G ± 3 , CP conservation is not required and fermions transform in a representation 3 ⊕3. If any GCP transformation is included, however, the fermions will transform in an irreducible 6. Of course, the GCP transformations extend to neutral and charged lepton sectors likewise. Thus, one may wonder whether or how those GCP transformations are consistent with T 13 which we observe to be a group of type I (see classification of [27] ). Type I groups are inconsistent with CP transformations in generic settings. However, this concrete model only features triplet irreps of T 13 (cf. tab. I of [11] ) for which consistent CP transformations are possible. This situation would drastically change for a model that also contains non-trivial one-dimensional irreps of T 13 . In such a case, CP violation with calculable phases would be unavoidable. This would be an interesting starting point for further model building that we do not pursue here.
It is straightforward to check that out of the 12 independent real degrees of freedom in M ν , G ± 3 removes 4, while X ± 3,4 individually each remove 6. Taken together, G ± 3 , X ± 3 , X ± 4 remove 8 degrees of freedom, leaving 4. We will now focus on this most predictive case. As is already clear from our discussions above, not all generators are needed to generate the maximal possible group
in addition to A and B is already sufficient to generate G max . We have ignored the transformations G ± 4 here, because they do not lead to constraints on the neutrino mass matrix. Nevertheless, we remark that the according unphysical global Z 2 factor (generated by G − 4 ) will unavoidably be part of the total flavor symmetry group if any CP transformations are included in the symmetry.
Remarkably, only angles that are quantized in units of 13 or 13/2, i.e. δ/π = Z/26, lead to groups of acceptable size. The fact that a fraction of 13 gives rise to a small group may not be surprising, given that T 13 already contains such a divisor. What is remarkable though, is that putting δ to −5(6)π/13 or −9(11)π/26 fits phenomenology well, while at the same time it give rise to the smallest possible finite groups that one can achieve with all those generators -as small as the one obtained for δ = 0 or δ = ±π/2, cf. table II. We will shortly come back to investigate the phenomenology of these particularly symmetric points.
We now comment on these results. The fact that it is impossible to unify the full nontrivial Z 2 ×Z 2 symmetry of neutrinos with T 13 of the charged leptons into a single finite group may seem like a drawback. However, this gives important directions for model building: If one insists on keeping the full Z 2 ×Z 2 for neutrinos, there is no other way than embedding the residual symmetries directly into a continuous group such as SU(3) or G 2 . Quite appealingly, this would point to the fact that there might be no intermediate scales, or complicated finite groups, involved between the flavor breaking scale and the low scale.
Alternatively, one may be fine with just keeping those parts of the residual neutrino symmetries that form finite groups with T 13 . Depending on the choice of δ, the unified symmetry then will be one of the groups listed in table II. However, even in the "maximally finitesymmetric case" G max , there are four independent degrees of freedom in the neutrino mass matrix. Somewhat ironically this means that by fixing δ to a geometric value, we are forced to liberate another degree of freedom elsewhere. This implies that there will, in general, be model dependent corrections to the complex-TBM form which are not constrained by the residual symmetries. We stress that those corrections do not have to be large, as is known from explicit models. For example, in [28, 29] it happens that TBM-mixing is realized at leading order despite the fact that there is only a Z 2 residual symmetry, while in [17] leading order TBM appears even in the complete absence of residual symmetries. Finally, the third and most radical alternative would be to revisit the charged lepton sector and search for symmetries beyond T 13 which are able to produce asymmetric textures, while being able to incorporate the full residual symmetries of the neutrinos.
III. PREDICTIONS OF THE MAXIMALLY SYMMETRIC CASE
We now focus on the maximally finite-symmetric case with unified flavor symmetry G max and point out phenomenological consequences. Taking G max to be one of the two smallest possible unified flavor groups, while requiring phenomenologically allowed mixing and CP violation, δ is restricted to take the values δ/π×(−26) = {9, 10, 11, 12}. For any value of δ, the neutrino mass matrix that respects the residual flavor symmetry and GCP transformations G ± 3 , X ± 3 , X ± 4 , takes the four-parameter form
Here, a, b, c, and d are real parameters with dimensions of mass, and we go back to use our initial basis of eqs. (1,2) . The neutrino mixing matrix then is of the form 6
where γ is one combination of the free parameters that corresponds to the angle of an orthogonal rotation O 12 (γ) in the 12 block. The remaining three free parameters correspond to the neutrino masses. This implies that θ 13 and θ 23 remain fixed at their values of the original asymmetric texture, already stated in bold in table I. In contrast, θ 12 and all CP violating Dirac and Majorana phases become functions of the single free parameter γ. Hence, we can trade γ for θ 12 and the corresponding correlations are shown graphically in Fig. 2 . To display the Majorana phases we use the so-called symmetrical parametrization [31, 32] which is related to the standard parametrization [12] via α ≡ α 21 ≡ −2φ 12 , β ≡ α 31 ≡ −2φ 13 , and δ CP ≡ φ 13 −φ 12 −φ 23 . The observational constraints on θ 12 and δ CP constrain γ (for example, for δ/π = −11/26) to the range γ ∈ {−0.051, 0.067}; this fits well with the expectation of it being a small perturbation. Our model assumes neutrinos with effective Majorana masses. Therefore, neutrinoless double beta decay is expected to be present. Since θ 13 and θ 23 are fixed while the CP phases are all strongly correlated this model has definite predictions for neutrinoless double beta decay. Fixing the lightest neutrino mass, the effective electron Majorana mass m ee only depends on one parameter. We show this in Fig. 3 . Clearly, this is a scenario in which also the case of normal mass ordering can be excluded by non-observation of neutrinoless double beta decay. Altogether, the parameters obtained in this scheme for δ/π = −11/26 and γ = 0 are preserve their values. The effect of such a variation is negligible at the current accuracy. For example, bringing θ 12 to its current best fit value requires γ ≈ 4 × 10 −4 .
Let us now comment on the precision of the predictions in our scenario. First and foremost, we have neglected terms of O(λ 3 ) which roughly amounts to a 5% uncertainty on the mixing angles. Also the values of A and λ itself are subject to uncertainties. Furthermore, one would expect corrections to the residual symmetry pattern originating from the RGE evolution below the flavor breaking scale. Assuming normal mass ordering and no new physics thresholds below the flavor breaking scale, the effect on mixing angles and phases is generically of the order O(10 −5 ) [35] and, therefore, completely negligible. For illustration, we show a ±5% uncertainty band in figure 2 . The current level of precision makes it impossible even theoretically to differentiate between the predictions of neighboring values of the fine-grained quantized angle δ. Varying the mixing parameters in their 3σ range leads to the blue(red) region for normal(inverted)
ordering. The predictions of asymmetric tri-bi-maximal mixing with δ/π = −11/26, as it may originate from a unified discrete flavor symmetry (Z 13 × Z 13 ) D 12 , are shown in green (NO) and purple (IO). We also show exclusion regions from Planck [33] and KamLAND-Zen [34] .
IV. SUMMARY
Recently, an SO(10) based model of grand unification with T 13 flavor symmetry was suggested by [10, 11] . This very special flavor symmetry provides a connection between quark and charged lepton sectors, providing a symmetry origin for the so-called asymmetric texture of charged lepton mixing, eq. (1). Together with the complex tri-bi-maximal mixing matrix for neutrinos, shown in (2), this gives rise to a phenomenologically viable one-parameter (δ) fit to lepton mixing and CP violation, see Fig. 1 .
Here, we have studied how complex tri-bi-maximal mixing can be enforced by residual flavor and/or generalized CP symmetries of neutrinos, and how those symmetries can be unified with the T 13 flavor symmetry of the charged fermions. Unification of the maximal residual symmetry of (2) with T 13 requires unified flavor symmetry groups of infinite order such as SU (3) or G 2 . However, if only parts of the maximal residual symmetry are imposed it is possible to unify them with T 13 to a finite unified flavor symmetry. Reasonably small finite unified flavor groups are only obtained if 2δ is quantized in multiples of π/13. In particular, δ/π = −11/26 provides a good fit to the data while it can originate from the smallest possible unified flavor group (Z 13 × Z 13 ) D 12 .
However, even though δ can be fixed by residual symmetries that form finite groups with T 13 , none of these groups is maximally restrictive on the neutrino mixing matrix. Thus, the residual symmetries allow for one additional unconstrained parameter, γ, which corresponds to a rotation in the 1-2 space. Nontheless, since γ is observationally constrained to be a small perturbation, sharp predictions for CP violating phases and neutrinoless double-beta decay are possible, see eq. (25) and Figs. 2 and 3 .
This model provides a compelling target for future experiments. It could be fully excluded by a more precise measurement of θ 23 or non-observation of neutrinoless double-beta decay -even for normal neutrino mass ordering. 
